A method is proposed for performing shape analysis of m-surfaces, e.g. planar curves and surfaces, with a geometric interpretation. The analysis uses an implicit surface representation and connects the popular level set approach with shape analysis. The representation is continuous and completely landmark-free. Shapes are represented as points on an infinite-dimensional manifold and the distance between two surfaces is given by the length of a path on this manifold. The analysis is valid in any dimension and examples of applications such as interpolation and clustering are given.
Introduction
Within the field of shape analysis, there are two fundamental questions: how to represent shapes and how to compare and analyze them. In this paper we will focus on the level set representation, a landmark-free implicit representation which has proven to be a powerful tool in many applications. Within the level set framework, this paper will try to answer some major questions regarding the analysis of shapes and m-dimensional surfaces.
Consider the three surfaces in Figure 1 . Let us ask the question; which surface is "closest" to the sphere, the ellipsoid or the cube? The answer would of course depend on how we choose to measure the difference between such surfaces. In this paper we will derive one way to measure this. We quantify dissimilarity between two shapes by finding paths joining them and then computing the length of these paths using a particular metric. Shape analysis in the level set framework is still in an early stage of development and is an active research area. Early work include the use of shape statistics as regularization, cf. e.g. [7, 12, 5] . In e.g. [8] shapes are represented using signed distance functions and sampled at a set of fixed points. Principal component analysis is then applied to the function values to create linear shape models to use for seg-mentation. In [11] alignment of implicit shapes are discussed using registration on the functions in the planar case. Recent work on shape priors for non-rigid curves (or contours) can be found in [2] where distance between shapes is computed based on bending and stretching of contours as introduced in [1] .
Within shape analysis a significant portion of the work has been related to so called "landmark-based" approaches, where the object boundary is sampled at discrete points. Shape variability can easily be expressed using principal component analysis (PCA) on the landmark coordinates, cf. [4] . Landmark based shape analysis has been successfully applied to many problems, e.g. in the medical field. The approach has some limitations such as that the shape analysis depends on the sampling and that it is difficult to find landmark correspondences between shapes. Besides the discrete approach there has been work done using continuous shape representations. In [6] planar curves are analyzed by imposing a Riemannian structure on the space of closed planar curves. Methods for clustering shapes in this framework is presented in [14] .
The motivation for performing shape analysis comes from the need to detect, track and recognize shapes, e.g. in medical or arial images. Important features such as interpolation (and extrapolation) between shapes, computing mean of shapes and distance between shapes are important for applications such as clustering and recognition. The motivation for using continuous shapes is that this avoids the use of landmarks which are often hard to find and align.
The contribution of this paper is a way of measuring distance between shapes in arbitrary dimensions. It is already well known how to flow one shape into another using the level set method. This paper adds a measure of "length" to the flow which could be used (in general) for any flow. This distance measure has a geometric interpretation as the length of a path (i.e. a curve) on a manifold. The notion of distance makes it possible to interpolate, compute mean and cluster shapes. 
Background
We will consider shapes in the form of m-dimensional surfaces, or m-surfaces, embedded in R m+1 , e.g. planar curves or surfaces in space. We will also use the notation surface, area and volume to mean the proper extension to higher (and lower) dimensions in order to simplify notation and give a general framework for any dimension.
Implicit Level Set Representation
The sets Ω = {x ; φ(x, t) < 0} and Ω c = {x ; φ(x, t) > 0} are called the interior and the exterior of Γ, respectively. Using this definition the outward unit normal n and the mean curvature κ are given as
In the variational level set method, functionals are used to derive gradient descent motion PDEs. This is done through the use of the differential (Gâteaux derivative). The Gâteaux derivative is related to the gradient ∇E of a func-
where v is the normal velocity of a perturbation of Γ. The gradient descent flow is then obtained by solving the following motion equation
from an initial surface. 1 When more than one surface is needed in the analysis, we will use subscripts Γ i and φ i , i = 1, 2, . . ., to distinguish them.
The Manifold of Surfaces
In this section we recall from [13] the notion of manifolds of admissible m-surfaces Γ. Let M denote the (pre-)manifold of admissible m-surfaces Γ. If Γ ∈ M then the tangent space of M at Γ is the set T Γ M of all functions v : Γ → R such that v correspond to the normal velocity of some (regular) surface evolution through Γ.
Each
In this paper we will use this L 2 -norm to determine the "length" of a surface evolution.
Geodesics Between Surfaces
We will for the sake of simplicity assume that the shapes are roughly aligned and scaled by properly sampling on a regular grid in R m+1 . There are methods for accomplishing this, e.g. [10, 11] . When all shapes are aligned we will use both "shape" and "surface" without any distinction.
Measuring Dissimilarity
We could define the distance between Γ and Γ 0 to be
where L(Γ, Γ 0 ) is the L 2 length and the infimum is taken over all paths Γ(t) on M joining Γ and Γ 0 . Unfortunately, using the L 2 -metric gives d(Γ, Γ 0 ) = 0 for any pair of msurfaces and is therefore useless as a distance measure. This elegant and surprising fact was shown in [9] . We will circumvent these problems by simply constructing a specific, appropriate path which we will call a (symmetric difference) geodesic and let d(Γ, Γ 0 ) be the length of this path. The path will be derived as a gradient descent flow of a functional below. A measure of dissimilarity between two closed surfaces in R 3 , Γ and Γ 0 , is the area of symmetric difference, cf. [3] , defined as
where χ Ω and χ Ω0 are characteristic functions for the interior of Γ and Γ 0 respectively. The corresponding gradient flow for evolving the surface Γ towards a target surface Γ 0 is given by ∇E SD (Γ) = 1 2 − χ Ω0 . 
"Shooting" Method
One simple approach to finding geodesic curves is to use a shooting strategy. From a starting shape, shoot in the direction v ∈ T Γ M , locally tangent to a geodesic. Follow this direction for a short time step and repeat the procedure until the target shape is reached.
The dissimilarity measure defined above will be used to find a direction in T Γ M , i.e. a normal velocity, pointing towards the other surface. This will give a way of following the direction v to find a path Γ(t) on M connecting the surfaces. Measuring the length of this path using the norm ||·|| Γ gives an approximation of the true geodesic. Note that the measure can be defined differently depending on the application and the procedure outlined here will be valid as long as v ∈ T Γ M .
Once the functional, in this case E SD , measuring dissimilarity between two surfaces Γ and Γ 0 has been defined the procedure can be summarized as:
1. Compute the normal velocity at the point Γ, in this case
Move Γ with this velocity an infinitesimal time step by
solving
3. Go to 1, until convergence. 4. Integrate (sum) the length of the steps using ds Γ = ||v|| Γ dt = v, v Γ dt (the length element in the intrinsic metric) to find the length of the flow.
A useful property of defining geodesics in this way is that by construction, the function v(t) is always tangent to the geodesic. This will be used in the analysis below.
Examples
The curve examples are taken from the Kimia shape database 2 so that the results can be compared to other approaches e.g. [6] . The shapes are sampled using a grid of size 100 × 100.
Geodesics Joining Two Shapes
Considering the problem of which surface is more similar to a sphere, the ellipsoid (with semi-axes lengths 14:9:9) or the cube, the answer is that the cube is more similar if distance is measured using the geodesic distance above. Centering and normalizing so that all three surfaces enclose the same volume the distance between the sphere and the ellipsoid is 31 727 whereas the distance between the sphere and the cube is only 2 255.
In Figure 2 geodesics connecting two shapes are shown using data from the Kimia shape database. These geodesics can be used for e.g. interpolation of shapes.
Mean Shapes
Let us use the geodesic distance to compute the mean of a set of shapes (or m-surfaces) {Γ 1 , Γ 2 , . . . , Γ n } represented using the signed distance functions {φ 1 , φ 2 , . . . , φ n }. The arithmetic mean of the functions, μ = 1 n n i=1 φ i , does not necessarily produce a zero set which gives the desired result 3 . One can instead define the Karcher mean, cf. [6] , as (local) minima Γ of the total variance function
where d(Γ, Γ i ) is the geodesic distance. The Karcher mean can be found using a gradient descent approach described in [6] . Examples of computed Karcher means are given in Figure 3 , with the mean shown on the far right.
Clustering
There are many applications such as e.g. classification of objects and database search, where it is useful to cluster a set of objects using their shapes. We have used the kmeans algorithm, with the Karcher mean as cluster centers, 2 available at http://www.lems.brown.edu/vision/software/. 3 The sum n i=1 φ i does not necessarily represent a surface and there is no guarantee that regularity is preserved, i.e. μ may not lie on M at all. to cluster 25 shapes from the Kimia shape database with the geodesic distance measure. The algorithm is composed of the following steps:
1. Choose k shapes as initialization. These shapes represent initial group centroids.
2. Assign each shape to the cluster that has the closest centroid, measured according to the geodesic distance.
3. Recalculate the k centroids as the Karcher means.
Repeat 2 and 3 until the centroids converge.
The shapes used for the clustering example are shown in Figure 4a and the result of the clustering in Figure 4b , where each row is a cluster.
Conclusions
In this paper we introduced shape analysis in a continuous implicit shape representation. The analysis is based on a geometric distance measure derived from geodesics. The analysis is valid for shapes of any dimension, represented using m-surfaces, and connects shape analysis with the level set framework. We also show examples on how this measure can be used for interpolation of shapes, computing mean of shapes and clustering of shapes.
